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Implementation of Fast Quad Precision Operation
and Acceleration with SSE2 for Iterative Solver
Library

Hisasur KOTAKEMORI, ! AkiHIRO Fuuir, 2
HipEHIKO HASEGAWAT? and AkIRA NisHIDAT

The convergence of Krylov subspace methods, including CG method etc., are
much influenced by the rounding errors. The high precision operation is ef-
fective for the improvement of convergence, however the arithmetic operations
are costly. In this paper, we implemented the quadruple precision operations
using the double-double precision for itaretive solver library Lis, and acceler-
ated by using the SSE2 SIMD instruction. For speed-up of SSE2, we applied a
loop unrolling etc.. The computation time of our implementation is 3.5 times
as long as the Lis double precision, and is 0.2 times as long as FORTRAN
REAL*16. Furthermore, we propose a DQ-SWITCH algorithm that efficiently
uses the quadruple precision operations in order to reduce the computation
time. The proposed method is shown to reduce computation time by numerical
experiments.
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I |=z|>ly/D0OCOO0OO0OOODO
FAST_TWO_SUM(x,y,s,e) {
s=x+y
e=y- (s -x)
}

(1) |z| > yjoDOoO00oOooO
TWO_SUM(x,y,s,e) {
s=x+y
v=s-x
e=@x-(-v)+F-w
}
01 J00oooooooooo

Fig.1 Rounding error free addition.

ADD(a,b,c) {
TWO_SUM(b.hi,c.hi,sh,eh)
eh = eh + b.1lo + c.1lo
FAST_TWO_SUM(sh,eh,a.hi,a.lo0)
}
02 400000
Fig.2 Quadruple precision addition.
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TWO_PROD_FMA(x,y,p,e) {

p=-xx*xy
e=x*xy+p
P=-p

}
000000000D00000000
SPLIT(x,h,1) {
t = 134217729.0 * x
h=t-(t-x)
1 Xx - h

TWO_PROD(x,y,p,e) {
p=xx*y
SPLIT(x,xh,x1)
SPLIT(y,yh,y1)
e = ((xh*yh-p)+xh*yl+xl*yh)+x1*yl

03 OOooooooooooo

Fig.3 Rounding error free multiplication.
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MUL(a,b,c) {

if00000o0oooooooo
TWO_PROD(b.hi,c.hi,pl,p2)

else
TWO_PROD_FMA(b.hi,c.hi,pl,p2)

endif

p2 = p2 + (b.hi * c.lo)

p2 = p2 + (b.lo * c.hi)

FAST_TWO_SUM(p1,p2,a.hi,a.10)

04 400000

Fig.4 Quadruple precision multiplication.
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01 0000
Table 1 Evaluation platforms.

CPU Xeon 2.8 GHz Opteron 2.2 GHz Core2 Duo 2.4 GHz POWERS5 1.65 GHz

Cache 8KB/512KB/- 64KB/1MB/- 32KB/4MB/- 32KB/1.9MB/36 MB
Memory 1GB 1GB 2GB 2GB

Linux 2.4.20smp 2.6.4smp 2.6.9smp 2.6.5smp

32 bit 64 bit 64 bit 64 bit
Compiler Intel C/C++ 9.0 Intel C/C++ 9.1 IBM XL C/C++ 7.0
Intel FORTRAN 9.0 Intel FORTRAN 9.1 IBM XL FORTRAN 9.1

Options -03 -03 -03

O7720000000000000000 SSE2SIMDOOOOOOOOOO

2.6 SSE2000000000O

SSE2 0 Intel 0 Pentium4 000000 x870000000000O00COO128bit0O
oo0ooooosSIMDOOOOO0OO0OO0OO0O0OO00OCOO0O0O0O0O0CO 200000000000
20000000000000

40000000 ADDOMULOFMAOFMAD OOOO0OO SSE200000000000O
ADD_SSE200MUL_SSE20FMA_SSE200FMAD_SSE2 0 00 0000000000000 SSE20
0000000000000 000000000 50%0000 SSE20 packed-double O
oooooooooooobobobooboobobooooo

00 FMADOOOOO dotl axpyl matveclmatvect DU O ODOOO 1000 FMA O
pooooooooo 20000000000000000O00O0O0O0 FPMAO 200000
SSE2 0 packed-double 00 O0OO0O FMAO 20000000000alf0l0al110b[0]10
b[1]0ql0l0q[11 0 4000004010411 000000000000 OO0O00O0O0O0O
20000000000 FMA2_SSE200 FMAD2_SSE2 1000 000

FMA2_SSE2(a[0],a[1],b[0],b[1],q[0]1,q[1]) {
al0o] = a[0] + b[0] * q[0]
al1] = a[1] + b[1] * q[1]
¥
FMAD2_SSE2(a[0],a[1],b[0],b[1],d[0],d[1]) {
a[0] = a[0] + b[0] * d[0]
al[1] = a[1] + b[1] * d[1]
}
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dot_fma2(x,y,dot) {
t[0]=t[1]=0; //000 xMMO0000OODO
for(i=0;i<n-1;i+=2)
FMA2_SSE2(t[0],t[1],x[i],x[i+1],y[i],
yl[i+1]1);
ADD_SSE2(dot,t[0],t[1]);
if (i!=n) FMA_SSE2(dot,x[i],y[i]);
}
0 5 dotfma20dot =27y00000
Fig.5 Code segment of dot_fma2 (dot = zTy).

axpy_fma2(a,x,y) {
aal[0]=aal[1]l=a; //000 XMMOOOOOOOO
for(i=0;i<n-1;i+=2)
FMA2_SSE2(y[i],y[i+1],x[i],x[i+1],aal[0],
aal[1]);
if(i'=n) FMA_SSE2(y[il,x[i],a);
}
0 6 axpy-fma20ly =y + axz00000
Fig.6 Code segment of axpy_fma2 (y = y + ax).

000000000 SSE20000000000000000O0O0DO0DO0OOoOUOoOOoOO
dot_fma2[] axpy_fma2] matvec_fmad2[l matvect_fmad2 U OO O0O0O0O 500 600 70
0 8[Mmatvec_fmad2 [0 matvect_fmad2 00000000000 OO CRSOCompressed
Row Storagel]l3) O0000A.ptrO0A.indexUA.value O OOOO0OO0O00OO0O0OOO
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matvec_fmad2(4,x,y) {
for(i=0;i<n;i++) {

t[0]=t[1]=0.0; //000 XMMODOOODOOODO

for(j=A.ptr[il;j<A.ptrl[i+1]-1;j+=2) {
jO = A.index[j]l;
j1 = A.index[j+1];
FMAD2_SSE2(t[0],t[1],x[j0],x[j1]1,

A.value[j],A.value[j+1]);

¥
ADD_SSE2(t[0],t[0],t[1]);
for(;j<A.ptr[i+1];j++)
FMAD_SSE2(t[0],x[A.index[j]],
A.valueljl);
y[il = t[0];
}
}
07 CRSOUOO0O0O matvecfmad20y = Az0 0000
Fig.7 Code segment of matvec_fmad2 (y = Ax) for CRS format.

matvect_fmad2(A,x,y) {
for(i=0;i<n;i++) y[i] = 0.0;
for(i=0;i<n;i++) {
t[0]=t[1]=x[i];//000 xMMOOO00D0O0O0O
for(j=A.ptr[i];j<A.ptr[i+1]-1;j+=2) {
jO = A.index[j];
j1 = A.index[j+1];
FMAD2_SSE2(y[j01,y[j1],t[0],t[1],
A.value[j],A.value[j+11);
}
for(;j<A.ptr[i+1];j++)
FMAD_SSE2(y[A.index[j1],t[0],
A.value[jl);
}
}
0 8 CRSOO00O matvectfmad20y = ATz00000
Fig.8 Code segment of matvect_fmad2 (y = AT x) for CRS format.
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02 005000000000Co0re2DuoIOOOOOOOO
Table 2 Execution time (relative performance) of 50 function iterations on Core 2 Duo.

SSE2 non naive unrolling all
Function | Dimension sec. sec. sec. sec.
dot 10,000 0.01930 (1.00) | 0.01063 (1.82) | 0.00616 (3.14) | 0.00469 (4.11)
100,000 0.19425 (1.00) | 0.10634 (1.83) | 0.06227 (3.12) | 0.04819 (4.03)
1,000,000 1.96400 (1.00) | 1.08260 (1.81) | 0.63894 (3.07) | 0.49737 (3.95)
axpy 10,000 0.01913  (1.00) | 0.01068 (1.79) | 0.00627 (3.05) | 0.00460 (4.16)
100,000 0.19287 (1.00) | 0.10700 (1.80) | 0.06320 (3.05) | 0.04712 (4.09)
1,000,000 1.94860 (1.00) | 1.09049 (1.79) | 0.67068 (2.91) | 0.57694 (3.38)
matvec 10,000 0.10199 (1.00) | 0.06582 (1.55) | 0.05518 (1.85) | 0.05071 (2.01)
100,000 1.03388 (1.00) | 0.67428 (1.53) | 0.57554 (1.80) | 0.52090 (1.98)
1,000,000 | 10.37427 (1.00) | 6.78081 (1.53) | 5.77425 (1.80) | 5.23550 (1.98)

3. 4000000000000

000 LisO0000000000000O00DOOO04000000000000D00O
Oooo 10000

e LisO00OO0OODOUBLEO

e FORTRAN O REAL¥x160 0000000000 40000

e Lis04000 (020 “l?’0000Lis QUADDOODO)
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ooooOoOo0ooOoOoDOOO00U0OOoOoOoODO0OOCOOOOOUOODUOOOoDoboOoDOoOoO
OUOO0OOOOTWO_PROD_FMAO O OO OO OOO Lis QUAD(TWO_PROD_FMA) DO O[O0
O00OFMAOOOOOODOO COOOOUOODOO0OODOO0OO0ODOOOODOOOO-gstrict
ooooog

3.1 4000000OO0OUgOQg

00 A10000 10,00000 1,000000000000 BiCGOO 000000000
000000000oooono 300 400 500 60000

0000000 LisQUADOOOOOO

e Core2 Duo0 0O DOUBLEDO 0.16 000 0.29 0 O FORTRAN REAL*16 0 3.1200

O 442000
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038 BiCGO S000000000000000OCore2DuoOOOOoOoooong
Table 3 Execution time (relative performance) and memory size of 50 BiCG iterations on Core2

Duo.
DOUBLE FORTRAN REAL*16 Lis QUAD
Dimension sec. mem. sec. mem. sec. mem.
10,000 | 0.02017 (1.00) 1.0MB 0.57517 (0.04) 2.0 MB 0.13012 (0.16) 1.5 MB
100,000 | 0.36900 (1.00) 9.9MB 5.52724 (0.07) 19.8MB 1.42318 (0.26) 15.3MB
1,000,000 | 4.29637 (1.00) 99.2MB 46.57581 (0.09) 198.4 MB 14.93291 (0.29) 152.6 MB

04 BiCGUO5000000000000000O0XeonDOO0O0OO0O0OOOO

Table 4 Execution time (relative performance) and memory size of 50 BiCG iterations on Xeon.

DOUBLE FORTRAN REAL*16 Lis QUAD
Dimension sec. mem. sec. mem. sec. mem.
10,000 | 0.05717 (1.00) 1.0MB 2.01729 (0.03) 2.0MB 0.25891 (0.22) 1.5MB
100,000 | 0.82734 (1.00) 9.9MB 20.09851 (0.04) 19.8 MB 2.49976 (0.33) 15.3MB
1,000,000 | 8.44022 (1.00) 99.2MB 199.23818 (0.04) 198.4 MB 25.26562 (0.33) 152.6 MB

05 BiCGO 50000000000000000Opteron[DI0000D00OO0

Table 5 Execution time (relative performance) and memory size of 50 BiCG iterations on Opteron.

DOUBLE FORTRAN REAL*16 Lis QUAD
Dimension sec. mem. sec. mem. sec. mem.
10,000 | 0.04402 (1.00) 1.0MB 0.78882 (0.06) 2.0MB 0.24998 (0.18) 1.5 MB
100,000 | 0.67599 (1.00) 9.9MB 7.95484 (0.08) 19.8 MB 2.65616 (0.25) 15.3MB
1,000,000 7.19525 (1.00) 99.2MB 79.85377 (0.09) 198.4 MB 26.50909 (0.27) 152.6 MB

06 BiCGO 500000000000000000POWERSIOOOOOOOOO

Table 6 Execution time (relative performance) and memory size of 50 BiCG iterations on

POWERS.
DOUBLE FORTRAN REAL*16 Lis QUAD(TWO_PROD_FMA)
Dimension sec. mem. sec. mem. sec. mem.
10,000 0.04153 (1.00) 1.0 MB 0.46421 (0.09) 2.0MB 0.30336 (0.14) 1.5MB
100,000 0.49661 (1.00) 9.9MB 4.71124 (0.11) 19.8 MB 3.07377 (0.16) 15.3MB
1,000,000 7.09740 (1.00) 99.2MB 47.85794 (0.15) 198.4 MB 33.23080 (0.21) 152.6 MB

e XeonO DOUBLED 0.22000 0.3300FORTRAN REALx16 0 7.7900 0 8.04

ooo

e Opteron 0O DOUBLE O 0.18 000 0.27 0 0 FORTRAN REAL*x16 0 2.990 00

3.16 0

oo
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for (k=0;k<100;k++)
for(i=0;i<N;i++){
t = x[i] * y[il;
for(j=0;j<LO0P;j++) t += t;
z[i] += t;
}
09 O00OOO0OOO0ODOOOOO0OODOOO
Fig.9 A validation code.

07 090000000000 Core2 Duold
Table 7 Execution time of Fig.9 on Core2 Duo.

LooP
N 0 2 4 6 8 10
10,000 | 0.00477 | 0.00485 | 0.00569 | 0.00730 | 0.00904 | 0.01087
1,000,000 | 0.70062 | 0.70736 | 0.72227 | 0.80890 | 0.95277 | 1.12531
Tivm — Tiox x 100 | 0.22382 | 0.22206 | 0.15367 | 0.07850 | 0.04887 | 0.03791

¢ POWER5 00 DOUBLEDO 0.14000 0.21 0O0FORTRAN REAL*16 0 1.44 00
0153000
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Table 8 Result of BiCG method for matrices A20 N = 10°0 and A3.

DOUBLE FORTRAN REAL*16 Lis QUAD

Matrices sec. iter. ||b — Azl||2/]||b]|2 sec. iter.  ||b — Az||2/]]bl]2 sec. iter.  ||b — Az||2/]]bl|2
A2(y =1.0) | 0.35 58 5.81 x 10713 4.82 58 5.81 x 10713 1.49 58 5.81 x 10713
A2(y =1.1) | 0.42 70 7.05 x 10713 6.01 70 7.05 x 10710 1.79 70 7.05 x 10713
A2(y =1.2) | 0.51 86 8.80 x 1071 7.40 86 9.57 x 10710 2.21 86 9.57 x 10713
A2(y = 1.3) - - - 9.70 113 7.82x 1071 | 288 113 7.82 x 10713
A2(y =1.4) - - - 13.41 155 9.02x 107" | 3.94 155 9.02 x 1073
A3 - - - 103.22 1833 6.16 x 1073 | 16.42 1833 6.05 x 10712

A2: . . . . ’

0000000000000 0000000000000000000000000000
0000000 ¢0 V-6(-V¢+VxB)=000000000000000000000
0¥ 0OoDo0000000 A3000023,9940000000214,06000000000
00000000006 000000000VO0OO000O00BOOO0OOOOOOO0N
000000 b00A4200b=(1,...,1)’0A3000000000000000000
00000 zo=(0,...,007 0000000000 ||resll2/||rollz < 10712 00 0 O Core2
Duo0000D0 A2040 1.000 14000000 A3000000000 BiCGOOO
00080000 %ec.” 0000000000 “ter.” 0000000 ]|b— Az|l2/|b]]2 O
0000000 2 0000000000000000200000%”0 50000000
000000000000000000000

e 00 A20000+=12000000040000000000000

e 00 A1y =130000 A300000000000004000000000000
e FORTRAN REALx16 0 Lis QUAD 000000000000

ooooooon
0000000000000000000000000000000 FORTRAN REAL*16
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4. 000000 DQ-SWITCH
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gobodboobooobbnigbobodooboooooooboobooooboooooono
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O0OO0OO0OO0O0OD0 restart_tol 000000000 O0OCOCODO 4000000000000
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(1,...,0)T00000000 20 =(0,...,0)T 00000000000 ||rerallz/]|rol]2 <
10720000000 ed DQ-SWITCHOUOOOOO OO restart_tol 00 “total” OO
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goboooooobooooooooo

e DQ-SWITCHUO Lis QUADOODOOOOOO 342000000

e JO0OOOOOODOOO

o 000000 eOO0OOOLOOOUUDOOODOOOUDLOOOODLDOOODO

for(k=0;k<000000 ;k++) {
gooooooooa
if ( nrm2<restart_tol ) break;
}
xOdOOooooooooooa
for(k=k+1;k<000 000 ;k++) {
40000000000
if ( nrm2<tol ) break;
¥

0 10 DQ-SWITCHOOOOOODO
Fig.10 Algorithm of DQ-SWITCH.

e y=14000010%000000000000000000e000000000

000
00000000 BICGUOOOOOODD 1100004 =130000000000
107" 00000000000y =140000000000 10°°00000000000
000000000000000000000000 40000000000000000
000DO00DQ-SWITCHOOODOODODOOODOODODODO0O00000Do0ooo

gpooogoo
0000000o000o0O000DO000oDO0o0ooOoOooOoOooD A30010000
University of Florida Sparse Matrix Collection'® 000 A400 A6000000000

Log10 of relative residual 2-norm
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0 50 100 150 200
Number of iterations

0 11 ToeplitzJOOOOOOOO BiCGOOOOOO
Fig.11 Convergence history of double precision BiCG method for Toeplitz matrix.
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Table 9 Convergence of BiCG method for matrix A2 (N = 10°0~ = 1.3, 1.4).

vy=1.3 y=14
iter. iter.

precision total  (double) sec.  ||b— Az||2/]||b]]2 | total  (double) sec.  ||b — Az||2/]]b]]2
Lis QUAD 113 2.88 7.82 x 10713 155 3.94 9.02 x 10713
DQ-SWITCH e=10"2 114 (2) 2.87 6.78 x 10713 156 (2) 394 9.30 x 10713
e=10"* 109 (11)  2.59 7.08 x 10713 152 (15)  3.62 8.20 x 10713
e=10"° 105 (23)  2.26 6.80 x 10713 146 (31)  3.16 8.20 x 10713
e=10"¢ 104 (35)  2.01 8.94 x 10713 138 (47)  2.67 7.65 x 10713
e=10"" 95 (47) 158 6.28 x 10713 123 (65)  1.96 5.33 x 10713
e=10"8 94 (61)  1.29 5.77 x 10713 119 (83) 1.53 5.92 x 10713

e=10"° 95 (74)  1.08 7.99 x 10713 -

e=10"1° 95 (86)  0.86 7.95 x 10713 -

e=10"1" 103 (98) 0.84 2.95 x 10713 -
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Table 10 Test matrices.

Matrices Dimension Nonzeros Discipline

A4 ex8 3,096 90,841 fluid dynamics

Ab50 circuit_3 12,127 48,137 | circuit simulation

A60 c-50 22,401 180,245 non-linear optimization

011 0000000000000 BiCG OOOOOOCore2 Duoll
Table 11 Convergence of preconditioned BiCG method for ill-conditioned problems.

iter.

Matrices precision precon. | total  (double) sec. ||b — Az||2/]|b]]2
A3 Lis QUAD ILU(0) 488 11.18 3.46 x 10713
DQ-SWITCH e=10"2 | ILU(0) 610 (193) 10.32 5.14 x 10713
e=10"* | ILU(0) 617 (208) 10.16 5.37 x 10713

e=10"" | ILU(0) -
A4 Lis QUAD SSOR | 17098 165.55 6.65 x 1078
DQ-SWITCH e=10"°% | SSOR | 23297  (12649) 127.68 8.01 x 1078
e=10"% | SSOR | 22836  (13580) 110.59 7.85 x 1078
e=10"° | SSOR | 24888  (15926) 111.35 7.87 x 1078
A5 Lis QUAD ILUC 914 6.33 1.15 x 10712
DQ-SWITCH e=10"2 | ILUC 1730 (1227) 5.52 1.26 x 10712
e=10"% | ILUC 1888 (1455) 5.52 1.20 x 10712
e=10"° | ILUC 2042 (1590) 5.87 1.10 x 10712
A6 Lis QUAD ILU(0) 2787 59.05 8.97 x 10713
DQ-SWITCH e=10"2 | ILU(0) 5380 (3368) 55.64 7.54 x 10713
e=10"* | ILU(0) 7674 (6252) 54.35 7.23 x 10713
e=10"" | ILU(0) 7705 (6279) 54.39 9.92 x 10713

BiCGUOOOOOODOUOUUOO0O0O0OOO0O00O00000000000000000d
0000000000000 Az=600000000000000 K;{'AK; 'y = K; b0
y=Kx 000DDO0D00D00000000000K,"AK;' 0K, 00000000
00000000000000000000000000000000000000000
00000000000000000000000000000000000000000
0000000000000000000000000000000000000000O0
00000000000000000000000000000 40000000000
00000000000000004000000000000000000000
00000000A400 A60 b=(1,...,1)"0A30000000000000000
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