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A SOR-base Variable Preconditioned GCR Method
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Abstract. We propose a new preconditioning strategy for the Krylov subspace method for solving
a large sparse system Axz = b. The basic idea is to use an approximation to A~!'v for K~ 'v: the
benefit is substantial when the preconditioner K sufficiently approximates A. The preconditioning
is performed by approximately solving Az = v by some iterative method. Then different types of
preconditioner can be applied at each iterative step. In the present paper, we combine the SOR
method as a preconditioner and the GCR(m) method as a solver, and show that our preconditioning
has lower iterative counts and shorter computation time than ILU(0).
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Let @y be an initial guess.
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Let @y be an initial guess.
repeat
set rog=0b— Axg

approximately solve Ap = r( using some iterative method to get p,

set q, = Ap,
for k=0,1,...,.m—1
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if || 7rs1 [[2< €ron: || 70 ||]2 then exit

approximately solve Az = 7y using some iterative method to get zxy1
(Azk+1, ;)

Bri=———F——"", i<k
: (qi7qi)

k
Pr+1 = Zk+1 T Z Br.iP;
i=0
k

Q1 = Azpp + Z/Bk"qu
i=0
end for
Lo — Lm

end repeat

O00 Az=00000000000000Az=r,, 0000000 0ODOOOOODOO
gooodd

OO00O0bO0b0obOOobooboobDg Az=r DO0O00OO0ODODODOODODODOOO
OoOoboooboooobooonD KeyylovOOOoooobooooooboboobooobdgd
gbobobooobobbooogoobobod

e U UOUODLODLDOUOOOLDLDDOUOODLDLDDbDOUUOUODLDLDbOOUODLDD

e JOUUOUODLDOUOLDDUODLDLDUOLDDLDLUOUODLDLOUObLUOUODLDLOObLDLDO
gbobbouooobboboooooobbobbuoooobbobboooonboon
gooodd

e J0OUOUODLODLDDOUOOODLDLDDLDOOODLDLDDbDOUOOUODLDOD

gobboggbobboogoobobooobbbuoooooboboogo4ab oo

0000000000000000000000000000000000000000
00000000000000000000000000000000000000000
000031000000000 (Jrew — Azls/||real.) 0 10000000000000
00000000000000000000000000000000000000000
00000000000000000000000000000000000000000
00000000

0000000000000000000000000000k+1000000000
0000000 (000000000000 2, 000000000000 KrylovO OO
000000000000 1(A)000000000000000000 1(B)000000



gobbooobobooogooo
gb 10200000000 bboboogbobobod bbboooooon

Lo (A) |lreer — Az o/ Il7es ]2 < 6.
l -1 l
B) 1201 — 28 leo/ 120 loo < 6.

2. DO0O0OO0OD0O0O0O IO = Npax-

4 0OO0O0OO

0000 Q=(0,7m) x(0,7) 0000000 Helmholtz OOOOOOOOOOOOODO

*u  0%u
(4.1) %;+&F+¥U=&D 0<az,y<m.

gbobobogoobbboooan

1
Uy [z=0= 1[0 — ~ cosg, Neumann 0 O ,
4 2
. 1
ux—”/a?—zu l..,=0, 0000,

Uy |y=0=0,  Neumann OO,
U |y=r=0,  Dirichlet 0 O.

2 =-100000000000000011000000004100000 u(z,y) =
V@ iteos 00000000 [1]0

000000000000QD0 2y 00000 MOOODOOOOOOO0O00004.10
050000000000000000000000 A0nxn(n=(M+1)xM)O
Non-Hermitian O 0 O OO O

000000000000 ¢ =15000 o2 =2250035000 o2 = 12250000
M=1000000101x10000000000000000001.10000000 ¢=15
00000 GCR(Y)OOOO0 90000000000000 ¢=3500000 GCR(20)
0000 200000000000000000000000000000 PC-ATOO0DO
0 Pentium 111 800MHzO 0 000000 Fortran 0000000000000000000
000000000000000000000 2 =00000000 e, =1072000
000

4.1 0O0O0OODOO0O

2000bogbooogboobbobbooboobbobbooobobooboban

gboboogbbugobobogouogbbboobbooobobobbobboobbog

grigpooggbooogobbboodbbogooboooboooobbooobon
gobobogoooo



O000000001.100 SOROOGCR(m)OOILUM0)O0O GCR(m)OODOOOOOO
0 O 00 0 Bi-Conjugate Gradient Method0 O 00O O0O0O0BI-CGOO4] 00000000
gbogobodgbuogbooogboobuoooboboboobobobbooobobooboa

00 o=15350000 SOR OO0GCR (m) 00ILU(0) 00 GCR(m) 000000
00 Fig. 10Fig. 200000000000 “SOR(1.1)”’0 “SOR(1.9)” OO0 OOOOOO
00 w=11,190000 SOR 00 “GCR” 0 GCR(m) OO “ILU(0)-GCR” O ILU(0)
00 GCR(m) DO0UO0O0OCOOO0OODODOOOOOO0OODOODOOOODDODOODOOOOO
00000000000 SOROO000000000logy,(|| 2 — ks ||/ 2k ||.)0 0O
0000000000000 GCR(m) ODOILU(O) OO0 GCR(m) OOOOODOOOOO
toguo(ll 74 /1l 70 ;)0 SOR 0 00 00 Togyo(| b — Ay /[l b— Azo |,) D00 0000
gobbdrUez, D000 0OOOO0OOOOOO0O0OOODOOOO0OODOOOOOO0

0.5 T T T T T

"SOR(1.1)’
'SOR(1.9)’
'GCR'
ILU(0)-GCR’

O mQO X

Relative residual and error norms

0 5 10 15 20 25 30
Iteration counts

Fig. 1. Convergence history of SOR and GCR methods (o = 1.5).
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Fig. 2. Convergence history of SOR and GCR methods (o = 3.5).
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Table 1. Iteration counts and computation time for VPGCR(m) and ILU(0)-GCR(m).

c=1.5 o=3.5

Preconditioning | Iteration counts | Computation time | Iteration counts | Computation time

ILU(0) 16979 652.4 sec 13394 1083.2 sec
SOR(w =1.9) 40 16.7 sec 42 27.8 sec
SOR(w = 1.7) 213 84.6 sec 1000 302.5 sec
SOR(w = 1.5) 546 216.8 sec 1403 414.1 sec
SOR(w = 1.3) 838 330.6 sec 2199 637.9 sec
SOR(w =1.1) 1114 440.6 sec 2734 790.9 sec
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Fig. 3. Convergence history of VPGCR(9) and ILU(0)-GCR(9) methods (o = 1.5).
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Fig. 5. The iteration counts of SOR method at each outer loop (o = 1.5).
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