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Outline

« Krylov Subspace methods
* Resultsof Accurate Computing
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e Cost of Quadruple Floating Point
Arithmetic

e Conclusion

SIAM Conference on Applied
I inear Alaebra 2003



Krylov Subspace methods

e Seriesof residual vectorsry, ry, Iy, ... , I, ...
* Finding abasis. they should be orthogonal

o Converge at most N iterations if its
computation IS accurate
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Totest

* What happens to Krylov Subspace Methods in
Accurate Computing

* We Compare Convergence History in different
Mantissa' s bit for changing Computing Accuracy

e Omni Fortran Compiler is used for this purpose

http://phase.hpcc.jp/Omni/
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Test problem

Toeplitz Matrix, N = 200, v = 1.7
o 4 :

0
A= |7

S o e i £
e
.[‘Jr—t

Right-hand side b = (1,1,---, 1)
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Condition Number

1.3 1.7 2.1 25
1-norm 3.937 10.53 24.93 1936
2-norm 6.463 6.65 16.00 697.
12162+ | 1.1044+ | 0.8625+ | 0.6649 +
smallest 1.0105i 0.7922i 0.6593i 0.4963i
4.6625+ | 4.9258 +
largest 4.1091 4.3845 0.0282i 0.0336i
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BICG Gamma=1.3

Dependency of Mantissa BiCG, Gamma = 1.3
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BICG Gamma=1.3

Dependency of Mantissa BiGG, Gamma = 1.1

Fasidusl Form
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Alphain BICG Gamma= 1.3

Alpha in BiCG Gamma = 1.3
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Betain BICG Gamma= 1.3

- Beta in BICG Gamma = 1.3
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BICG Gamma=1.7

Depandency of Mantissa BiCG, Gamma =1.7
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BICG Gamma=21

Depandency of Mantissa BiCAE. Gamme = 2.1
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BICG Gamma=25

Depandency of Mantissa BICGE, Gamma = 2.5
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BICG Gamma=25

Dependency of Mantissa BICG. Gamena = 2.5
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Alphain BICG Gamma= 2.5

Alpha in BiICG Gamma =25
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Betain BICG Gamma=2.5

. Beta in BiCG Gamma = 2.5
1a T T T
I:'!.r -
B2 kit
. 100 ki
ra™ 0 bt -
—— 300 kit
1 3
g o | .
o 13" F - ||! I .Il || o - . i f
L | ! Mk 1 1 I r L P pefe ; oo
AU i) [Vt
il |
1" |
|
i |
el
f - o
[} 100 &4 = QD
[taratiars

SIAM Conference on Applied
I inear Alaebra 2003

16



CGS Gamma=1.3

Dependency of Mantisss CGS, Gamma = 1.3
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BICGSTAB Gamma=1.3

Dependancy of Mantissa BICCGSTAR, Gomma =13

T T
I_-' =
T i 4
int |- |
|
ra® | 1
E o
- =,
T -'.ﬂ
- i i S N
E R i
1] k"
L '
h"'i- -
L- |
g™ |k -"-.-:.; b N
o TP L
."H._ bl | § s N .
"""\-."L"\-l:.. ':I §
1™ iy L" .
= J1 .
Ay . ... .-.
e W
1 "_.Jr_a " =iy
1 b )
II i il 1
= i =
T i -
|._|' i i i '._" ] i el
20 i | 140 1z | &0
[r=ratiores

SIAM Conference on Applied
I inear Alaebra 2003



BICGSTAB Gamma= 2.5

Dependancy of Mantissa BICCGSTAR, Comma =25
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GPBICG Gamma=2.5
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Observations

 Fast and smooth convergence are gained from
More accurate computations.

* Required Mantissa is based on the problems:

BICG 53bit for Gamma=1.3
100 bit for 1.7
200 bit for 2.1
200 bit for 2.5

* Reguired Mantissa depends on Algorithms:;
BICG 200 bit and 190 iterations
CGS 300 bit and 160
X BICGSTAB 1500 bit and 210
X GPBICG 300 bit and 310 (Gamma=2.5)
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Toolsfor Accurate Computing

* Multiple Precision Package (Gnu MP)
« Symbolic Computing

(Computer Algebra)
e Interval Arithmetic

e Quadruple Floating-Point Operations
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Sun Enterprise 3000 n=10000
Double .
with 1LU Quad. ratio
4.69710°3 0.149
MATVEC (17.5%) (24.7%) 31.7
4.89%10°3 0.159
DAXPY 7.47%10°3 0.290
DDOT (278%) (48.1%) 38.82
DNORM? ' '
4.871073
PSOLVE (18.1% ) _ _
4.921073
PSOLVET (16.3%) _ _
Total 2.68%10°2 0.602 224
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HITACHI MP5800 n=10000
Doubl .
\c,)vlijt?] el LU Quad. ratio
0.135*10° 0.468*10°2
MATVEC (16.9% ) (27.3%) 3.4
0.134*10° 0.472%10°
MATVECT (16.5%) (27 6%) 35
DAXPY 0.244*10°2 0.719*10°2
DDOT (30.6% ) (42.0%) 2.9
DNORM2 ' '
0.146°10°2
PSOLVE (18.3%) _ _
0.135*10°2
PSOLVET (16.6% ) _ _
Total 0.796*10°2 0.171*10 21
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Fujitsu VPP800 n=10000
Double .
with 1LU Quad. ratio
3.92°10° 4527107
MATVEC (1.06% ) (11.9%) 115
3.93*10° 452107
MATVECT (1.07% ) (11.9% ) 115
DAXPY 1.21*10°3 2.86*10°
DDOT . : 23.6
ONORM? (32.9%) (75.6% )
1.35107
PSOLVE (36.7%) _ _
1.03*10°7
PSOLVET (28.0% ) _ _
Total 3.67*10°3 3.78+107 10.2
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HITACHI SR8000  n=10000
Doubl |
\c,)vlijt?] el LU Quad. ratio
0.101*107 0.612*10°3
MATVEC (3.5 ) (113% ) 6.0
0.996*10-4 0.601*10°3
MATVECT (3.4%) (11.1% ) 6.0
DAXPY 0.781*10°3 0.419*10°
DDOT (27.2%) (77.5%) 03
DNORM2 &0 270
0.738*10°
PSOLVE (25.7% ) _ _
0.115*10°2
PSOLVET (40.9% ) _ _
Total 0.287*10°2 0.540*102 1.8
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Double with ILU vs Quadruple

Double

with LU Quad. ratio

Sun _
(WS) 0.268*101 0.602 22 4
VPP500
( Vector)
VPP300* _
( Vector ) 0.341*101 6.63 194
VPP800 _ _
( Vector ) 0.367*10* 0.378*101 10.2
SR8000 _ _
(SMP) 0.287*102 0.540*102 1.8
MP5800

( Mainf ) 0.796*10~ 0.171*101 2.1

alintframe
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Conclusion (tentative)

1. Fast and Smooth Convergence are gained
from Accurate Computing.

2. Quadruple arithmetic is economically
powerful tool, also easy and simple to use.

3. Thebest Algorithm varies depending on
Computational Environment.

4. Thesmple Bi-CG is good for more
Accurate Computing Environment.
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Future works

Analysis. alpha, beta and other vectors.
Real problems:

Refinement of | mplementation:

-ind a good tool: easy and effective

I A
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Advertisement

High performance should be used not only for
“Speeding” but also “Quality of Computation”.

* Totest effectiveness of Krylov Subspace Methods,
try to change Computing Accuracy.

e Try to use Quadruple Arithmetic in High-
Performance Computers and legacy machines.
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